The interferometers of Hanbury Brown and collaborators in the 1950s and 60s, and their modern descendants now being developed (intensity interferometers) measure the spatial power spectrum of the source from intensity correlations at two points. The quantum optical theory of the Hanbury Brown and Twiss (HBT) effect shows that more is possible, in particular the phase information can be recovered by correlating intensities at three points (bispectrum). In this paper we argue that such 3 point measurements are possible for bright stars such as Sirius and Betelgeuse using off the shelf single photon counters with collecting areas of the order of 100m 2 . It seems possible to map individual features on the stellar surface. Simple diameter measurements would be possible with amateur class telescopes.
INTRODUCTION
The Hanbury Brown and Twiss (HBT) effect can be thought of as Young's double slit experiment using narrowband but incoherent light. Since the source is incoherent the phase is fluctuating (see for example Figure 7.1 in Labeyrie et al. 2006) and there is no consistent phase difference between the two waves emitted at the slits and thus there will be no interference patterns produced by constructive and destructive superposition visible on the screen, the time averaged intensities (the complex conjugate products of the incoming electric fields) coming from both slits will just add up. But due to the random fluctuations of the phases the intensities will fluctuate. Counting individual photons at photons at two different points on the screen will result in a coincidence rate slightly higher than the Poisson coincidence rate, the intensity fluctuations are correlated. This additional term is what is called the HBT effect.
In astronomy we need to replace the slits with a two-dimensional superposition of sub-sources. Integrating the amplitude contributions over the new, extended source amounts to taking the Fourier transform of the intensity or brightness distribution on the sky (Van Cittert Zernike theorem). The normalized spatial Fourier transform is called the complex visibility V and can, in principle, be measured at different spatial distances or baselines. But measuring visibility directly is very difficult for astronomical sources because it requires maintaining optical quality mirrors over long baselines to sub wavelength accuracy. Alternatively, information on the visibility can be obtained by considering the normalized intensity correlation (the probability of coincident detection at two detectors) for two detectors (1 and 2):
This equation is valid over a coherence time which is the time scale
on which the phases of incoherent light fluctuate. The phase information of the electrical field is lost when measuring the amplitude squared. The time resolution ∆t for measuring intensity correlations or photon coincidences should be as quick as possible. If ∆t is shorter than ∆τ , the full benefit of the signal in equation (1) is obtained. If ∆t ∆τ the signal to noise per measurement interval SNR(∆t)
1. Nevertheless, sufficient SNR can be built up by collecting data over many many ∆t. The great advantage of HBT interferometry is that optical parts need to be accurate only to c∆t. For the ∆t achievable nowadays, optical-path tolerances of a millimetre would be adequate. In contrast, standard interferometry requires optical paths to be precise to better than a wavelength.
In Hanbury Brown and Twiss (1958) famously implemented these ideas in the first stellar intensity interferometer, which measured the diameter of Sirius. In the 1960s the Narrabri intensity interferometer was built to measure more stellar diameters (Hanbury Brown et al. 1974) . At that time intensity interferometry was limited to blue-sensitive counting equipment, and after the Narrabri instrument had observed all the hot stars it could, the technique was abandoned for a long time. The possibilities of new, faster counters in red and infrared ranges have recently brought intensity interferometry back into focus and arrays of telescopes such as the proposed Cherenkov Telescope Array (CTA) will allow us to exploit the effect to a greater extent in the years to come (see for example Dravins et al. 2013 ). Some illustrative examples are shown in Figures 1 and 2 .
The loss of phase information, as evident from the absolute value in equation (1) is the major shortcoming of intensity interferometry. But it is not a fundamental shortcoming, because from the theory of quantum optics developed in the 1960s (see Glauber 2006 , for a review), phase information can be obtained by using three telescopes in concert.
The normalized three point correlation is:
The product in the last term is the real part of the spatial bispectrum of the source. Its phase is well known in radio astronomy as the closure phase, and useful for eliminating local atmospheric and other influences on phase measurements for individual detectors in a three-antenna setup. The term has also long been studied in the context of diverse laboratory experiments: Gamo (1963) already used photon triple-coincidence as a tool for spectral measurement; Sato et al. (1978) constructed an imaging system using three-point HBT; Fontana (1983) performed some remarkable experiments showing three-and fourpoint acoustic HBT. The analyses in these works is in terms of classical waves and intensities, so it does not necessarily apply to photon counting, but fortunately it turns out (see for example Mandel et al. 1964 ) that for ordinary light, quantum fields can be replaced with classical and intensities interpreted as photon-detection probabilities. Malvimat et al. (2014) recently reviewed the theory of higher order correlations and provided a simple way of estimating the achievable SNR. In the present work, we will study the feasibility of detecting three-point HBT for astronomical sources. In the following sections we will simulate signals for two and three point correlation measurements of different, simple sources and make some estimates about possible SNR. We will not consider the problem of reconstruction of the actual phase but algorithms for related problems are known (see, for example Kang et al. 1991 ).
Let us now briefly preview our results.
In the next Section we show simulations of the complex visibilities and resulting correlation signals. For example, Figure 1 shows a simulation of a structured disc, inspired by reconstructions of Betelgeuse. Comparing that to the other figures in Section 1 we can immediately see that adequate (u, v) coverage allows to see differences in shape and structure. We also plot the 3-point correlation signals (specifically the bispectra) for a given baseline for different sources.
In Section 3 we rederive the well-known but counterintuitive result that for two-point correlation, the SNR is independent of bandwidth, meaning that decreasing the bandwidth and hence decreasing the count rates will not change the SNR for HBT detection. A related feature is that the observation time needed goes as the inverse square of the collection area. With larger telescopes such as H.E.S.S. (12 m diameter dishes) and the planned CTA (7m, 12m, and 23m are proposed) this will allow for significant measurements on very short timescales. We also want to emphasize again the possibilities in using arrays with many telescopes increasing the possible (u, v) (see for example Dravins et al. 2013) . For the brightest stars, size measurements would be possible with even a 10 cm diameter mirror with modern off-the-shelf single-photon correlators. With a 10 cm diameter telescope and a counting system at 50% efficiency one could even achieve an SNR of 1 in 36 seconds integration time for Capella b for example. The small baselines possible with such a setup should allow the detection of the 2 point correlation for this binary system, that would require a about a 2 meter aperture to be resolved by a single telescope.
While we have considered nearby stars as examples, the results can be trivially scaled. For example, scaling Sirius up in size and distance by 10 4 and scaling in luminosity by 10 8 (keeping apparent size, luminosity and effective temperature the same) would be not unlike a supernova in the LMC. This suggests that supernova shells in nearby galaxies could be rather easily resolved -the equivalent of SN 1987a with very modest equipment and the equivalent of SN 2011fe in M101 with the sort of instruments now being proposed.
Section 3 also shows the necessary observation times to reach a signal to noise ratio of one for the three-point correlation signal. Skipping ahead to Figure 7 we can immediately see that measuring the bispectrum in the visible range using off the shelf photon counters is easily achievable for larger telescopes as the observation time goes with the inverse cubed of the collection area. To emphasize this point: measuring the three-point HBT signal will be feasible and informative for CTA type mirrors. Figure 1 . Simulation of a structured, crudely limb-darkened disc of 1 mas radius (inspired by Betelgeuse): Top left shows the simulated source brightness distribution, top right shows the absolute value of the visibility squared, the 2 point correlation term in equation (1) as simulated using a 2D FFT algorithm. The axes of this and the bottom panels are baselines in meters, for λ = 500 nm. For completeness the bottom panels show the real and imaginary parts of the complex visibility. Note that the imaginary part goes to zero for point symmetric sources.
COMPLEX VISIBILITY VS HBT OBSERVABLES
The Van Cittert Zernike theorem allows us to simulate complex visibilities using a 2D FFT. Figure 1 shows a simulation of a structured, crudely limbdarkened disc of 1 mas radius.
1 It features three spots that are 25% brighter than the rest of the disc. This mimics the features observed on Betelgeuse using standard optical interferometry (Young et al. 2000; Haubois et al. 2009 ). Figure 2 shows a similar crudely limb darkened disc without the spots. The power spectrum shows extremely subtle differences, though, looking at real and imaginary parts it is clear one brightness distribution is symmetrical and the other one is not. Clearly it is desirable to have information about the phase of the complex visibility.
The bispectrum is a function of two baselines, so it cannot be shown in a single figure. In Figure 3 we show an example with two detectors (hence one baseline) fixed.
2
Features of 25% difference in brightness appear at the level of 10 −3 in the bispectrum. To assess the feasibility of measuring this one has to calculate the signal to noise ratio. Figure 2 . Simulation of a roughly limb darkened disc of 1 mas radius: left the simulated source, on the right the squared visibility. As we can see the imaginary part of the complex visibility is zero except for roundoff errors. The two lower panels show absolute value and cosine of the phase of the bispectrum at the position of a third detector with respect to a fixed 107 m long baseline of two detectors as indicated by the black line. Note that these quantities cannot be measured directly but their product can. . Quantum efficiency 7th order polynomial fits for PicoQuant PDM series 1 (left) and the IDQuantique ID100 series 2 from figures on the manufacturers' data sheets using the WebPlotDigitizer 3 by Ankit Rohatgi.
COUNT RATES AND SIGNAL TO NOISE

count rates
For purposes of estimating count rates we approximate stars by black body discs. In particular we approximate Sirius (temperature 9940 K, diameter 0.006 ), Betelgeuse (3500 K, 0.04 ), and Capella a (5700 K, 0.003 ). Let r be the average count rate for one detector, the number of counts per coherence time ∆τ then has the simple form (Malvimat et al. 2014) :
where Ω is the solid angle of the source, A the collection area of the detectors, λ the measurement wavelength, T the surface temperature of the star, and γ the quantum efficiency of the detector. Today's possibilities allow for reasonable quantum efficiencies at high time resolutions in the middle of the visible spectrum. Off the shelf photon counters such as the Pico Quant PDM series [1] or the ID100 series of IDQuantique [2] can help to get a feeling for achievable count rates (see best case parameters in Table 1 and fits to quantum efficiency measurements by the manufacturers in Figure 4 ). Zooming in on the wavelength region that is covered by these detectors, Figure 5 shows the expected count rates for different stars using narrowband filters with ∆λ = 1 nm. Table 1 . Some best case specifications of the two mentioned single photon counters. Figure 5 . Upper panel: expected count rates per coherence time ∆τ using two Picoquant PDM series photon counters after filtering to a bandwidth of ∆λ = 1 nm for different stars using the quantum efficiency estimates given in the left panel of figure 4 . The plot shows equation (4) evaluated for Sirius (blue), Betelqeuse (magenta), and Capella a (cyan) at the approximate parameters given in table 2. The lower panel shows the expected count rates per coherence time for measurements using the IDQuantique ID100 series.
Signal to Noise Ratio for 2 Detectors
Over a coherence time ∆τ there will be |V12| 2 (γr∆τ ) 2 coincidences. The time resolution, or counting time of a detector ∆t will be much larger than the coherence time, ∆t ∆τ , so in one counting interval there will be ∆t/∆τ such contributions, giving |V12| 2 (γr) 2 ∆τ ∆t. Meanwhile there will be (γr∆t) 2 random coincidences corresponding to the first term of equation (3), giving γr∆t of noise, so the signal to noise ratio in ∆t becomes:
Note that the signal to noise ratio is independent on the bandwidth: decreasing bandwidth results in lower rates but will not change the signal to noise ratio. Evaluating the signal to noise ratio over an observation time T obs , we assume that the intensity fluctuations measured in one counting time ∆t are not correlated to the ones measured in the next interval, which is a reasonable assumption, since at relevant wavelengths ∆t ∆τ (∼ 10 −12 ). Thus, uncorrelated, Gaussian noise dominates and the SNR adds in quadrature: We can now find the required observation time for a required signal to noise ratio using equation (4):
(7) Figure 6 shows the the observation times necessary for some example cases to reach an SNR of 1 for |V12| 2 = 1. Clearly detector technology has improved greatly in the past half century, observing Sirius Hanbury Brown and Twiss needed a few minutes to reach a signal to noise ratio of 1 using a 5-foot searchlight mirrors. Now the same could be done using 10 cm diameter mirrors.
Signal to Noise Ratio for 3 Detectors
Over a coherence time ∆τ there will be V123(γr∆τ ) 3 excess coincidences, where V123 is the last term in equation (3). So over a time ∆t there will be V123(γr) 3 ∆τ 2 ∆t signal coincidences. Meanwhile there will be (γr∆t) 3/2 of noise, hence the signal to noise ratio is:
again understanding r∆τ as the count rate at one detector over a coherence time. We can now rewrite and expand as before to find the observation time for a specific signal to noise ratio:
c 0000 RAS, MNRAS 000, 000-000 Comparing with equation (7) we note the steeper dependence not only on the quantum efficiency γ but also on counting time resolution ∆t and detector area A. As we saw from Figures 1 and 3 , features with brightness differences of around 25% show up in V123 at the level of 10 −3 . Figure 7 shows observation time estimates for our example cases for an SN R of 1 and V123 = 10 −3 . We can immediately see that attempting three-point HBT with smaller sized telescopes is not an option but increasing the telescope diameters dramatically reduces observation times as the cube of the area thus making it possible to measure the bispectrum. With the equivalent of 10 m diameter mirrors these should be easily detectable in the case of Betelgeuse or Sirius.
OUTLOOK
The results shown in Figures 6 and 7 suggest that the recovery of HBT phase is feasible with present day detector technology and may lead to major advances in stellar imaging. Many technical problems will need to be solved first. The most important of these are the following.
• Designing suitable configurations for three detectors is essential. In particular, for Betelgeuse 10 m diameter mirrors would wash out the interference patterns. Some combination of small mirrors to resolve the large scale and large mirrors to resolve small scale structures is desirable.
• An image reconstruction algorithm using two-and three-point HBT signal is needed.
• Large mirrors such as proposed by CTA introduce non-isochronicity of a nanosecond or more (Le Bohec and Holder 2006).
In order to benefit from fast photon counting, the light paths from different parts of the mirror need to be equalized to the sub ∆t level (submillimeter) level. Since only small fields of view are involved, it is plausible that a simple spherical-aberration compensators could do the job.
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